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Introduction
We assume familiarity with MV-algebras [6] and lattice-ordered Abelian groups [2] , which we write in additive notation and call -groups for short. The mathematics in this note can be presented either in the language of MV-algebras, or in the categorically equivalent language of -groups with a strong order unit, thanks to [22: Theorem 3.9]. We choose -groups because we are going to use [2: Chapitre 10] as a convenient source for Keimel's spectral spaces of latticegroups. We write ' -ideal' to mean 'order-convex sublattice subgroup'; such are precisely the kernels of lattice-group homomorphisms, which are in bijection with congruences. If I is an -ideal of G and g ∈ G, we write G/I for the quotient -group, and [g] I ∈ G/I for the congruence class of g modulo I, i.e. for the coset g/I := g + I := {g + h | h ∈ I}. It is clear that an arbitrary intersection of -ideals is again an -ideal. The -ideal generated by a subset S ⊆ G of an -group G is therefore defined as the intersection of all -ideals of G containing S.
In his work on sheaf-theoretic representation of -groups [20] , [2: Chap. 10], Keimel used the following:
be a finite collection of -ideals of an -group G, and suppose that {g i } n i=1 is a finite subset of G such that 28 ] they do state that they were "inspired by the methods of Bigard, Keimel, and Wolfenstein"; cf. also [9] . Let us also point out that sheaf-theoretic representations and Chinese Remainder Theorems were studied at the level of general algebra by Vaggione in [26] , whose results extend the previous ones by Krauss and Clark [21] ; see also Cornish's earlier paper [8] in the same direction. For a unified approach to sheaf-theoretic representations of MV-algebras using Stone-Priestley duality for distributive lattices, see [14] .
Here we prove that strongly semisimple unital -groups and MV-algebras enjoy a considerably stronger version of the general Chinese Remainder Theorem. Let us recall some basic facts first.
An -ideal p of an -group G is prime [2: 2.4.1] if it is proper (i.e. = G), and the quotient G/p is totally ordered; and it is maximal if it is proper, and maximal with respect to inclusion. It is elementary that each maximal -ideal THE CHINESE REMAINDER THEOREM FOR STRONGLY SEMISIMPLE MV-ALGEBRAS is prime. Principal ( = singly generated) and finitely generated -ideals can be shown to coincide.
A unital -group (G, u) is an -group equipped with a (strong order ) unit [2: 2.2.12]: a non-negative element u ∈ G whose positive multiples eventually dominate each element of G. The unital setting is convenient because it ensures that spaces of prime congruences are compact, see Section 2. By a unital -subgroup of the unital -group (G, u) we mean an -subgroup of G that contains u. By ' -homomorphism' we mean 'lattice-group homomorphism', and by 'unital -homomorphism' we mean 'unit-preserving -homomorphism'.
The Archimedean property plays a substantive rôle in this paper. The unital -group (G, u) is simple if it has no proper, non-trivial (i.e. = {0}) -ideals. It is semisimple if the intersection of all its maximal -ideals is the trivial -ideal {0}; equivalently, if it is a unital subdirect product of simple unital -groups; equivalently, if it is Archimedean: for all g, h ∈ G with 0 < g h, there is an integer m 0 such that mg h. Not all of these formulations of the Archimedean property are equivalent in the absence of a unit; see Lemma 2.4 and Remark 2.5 below. Finally, (G, u) is strongly semisimple if each one of its quotients modulo a principal -ideal is semisimple. Since we are not excluding the trivial principal -ideal {0} in the preceding definition, if G is strongly semisimple then it is semisimple.
Remark 1.2º
In the literature on MV-algebras, the term "strongly semisimple" first appeared in [10] . However, the closely related concept of "logically complete MV-algebras" was already introduced by Belluce and Di Nola in [1] . By contrast, to the best of our knowledge strong semisimplicity has not been considered in the literature on lattice-groups. Important recent work on the geometry of classes of strongly semisimple MV-algebras appears in [3] [4] [5] . A construction of Yosida [28] , significantly generalised in [16] , associates to each element g ∈ G a continuous function g : Max G → R. In the unital case, the crux of the matter is the classical result by Hölder [18] 
It is an exercise to check that the principal zero sets form a basis of closed sets for the hull-kernel topology of Max G. Main result:
We prove the theorem in Section 3, after some preliminaries in Section 2. We will see in due course that the theorem above is a Chinese Remainder Theorem for strongly semisimple structures, stated in the functional language of the Yosida representation. Indeed, while the result is formulated here in terms of Max G, we prove as Lemma 3.5 an equivalent statement for the spectral space of prime -ideals of G. Lemma 3.5 is a (new) strengthening for strongly semisimple structures of the (known) Patching Lemma 2.2 that holds in full generality. The Patching Lemma, in turn, is the dual spectral version of Keimel's Chinese Remainder Theorem 1.1 for lattice-groups. Symmetrically, the dual algebraic version of Lemma 3.5, given below as Theorem 3.6, provides a (new) Chinese Remainder Theorem for strongly semisimple structures. Our reformulation of the theorem above in the spectral language of Lemma 3.5 requires the characterisation of strongly semisimple structures in terms of the topology of the prime spectrum. This we achieve in Corollary 3.4; a similar result for Archimedean -groups has been previously obtained by Yang [27: Proposition 5.3.1].
Preliminary results
Throughout this note we let (G, u) denote a unital -group. 
Spectral spaces of unital lattice-ordered Abelian groups
Symmetrically, for any S ⊆ Spec G, set
For any set X, we let 2 X denote the set of the subsets of X. (1) The pair (V, I) yields a (contravariant) Galois connection between the 2 G and 2 Spec G . That is,
for all R ⊆ G and S ⊆ Spec G.
(2) V reverses arbitrary unions to intersections:
where R i is a subset of G, and D is an arbitrary index set. Similarly, I reverses arbitrary unions to intersections:
S i is a subset of Spec G, and D is an arbitrary index set.
(3) The fixed subsets of G, i.e. the ones for which I (V (R)) = R, are precisely its -ideals.
(4) The fixed subsets of Spec G, i.e. the ones for which V (I (S)) = S, are precisely the vanishing loci of -ideals, that is, those of the form
The sets of the form (*) are the closed sets of a topology 1 on Spec G, whose associated closure operator is given by cl :
its compact open subsets form a basis of opens sets stable under finite intersections, and it is sober
-i.e. every non-empty, closed subset that cannot be written as the union of two proper closed subsets, has a dense point. It is immediate to describe the closure operator cl : 2 Spec G −→ 2 Spec G in terms of intersections of primes. For any subset S ⊆ Spec G, we have
Indeed, by definition cl S = V (I (S)) = {p ∈ Spec G | p ⊇ I (S)}, and I (S) = S.
The Patching Lemma
be a finite collection of closed subsets of Spec G, and suppose that {g i } n i=1 is a finite subset of G such that [g i ] p = [g j ] p for each i, j ∈ {1, . . . , n} and each p ∈ U i ∩ U j . Then there exists an element g ∈ G, such that [g] p = [g i ] p for each i ∈ {1, . . . , n} and each p ∈ U i . P r o o f. This is a direct dualisation of the Chinese Remainder Theorem 1.1 to Spec G, using Lemma 2.1.
The Archimedean property, semisimplicity, and the maximal spectrum
For X a topological space, a subset S ⊆ C (X) is said to separate the points (of X) if for each x = y ∈ X there is f ∈ S with f (x) = 0 and f (y) = 0. Ä ÑÑ 2.3 (Hölder's Theorem [18] , and Yosida's Theorem 5 [28] )º Let (G, u) be a unital -group.
(1) If G is Archimedean and totally ordered, then there is a unique unital injective -homomorphism (G, u) → (R, 1).
(2) If m ∈ Max G, then there is a unique unital injective -homomorphism h m : (G/m, u/m) → (R, 1).
where h m is given by 2, is continuous with respect to the Euclidean topology of R.
(4) Let X be a compact Hausdorff space, and assume that G ⊆ C (X) is an -subgroup, and that u = 1 X . If G separates the points of X, then Max G is homeomorphic to X via the map
P r o o f. 1. This is [2: 2.6.3], with the additional observation that the unital assumption makes the embedding unique. 3. This was first proved in [28] , for unital lattice-ordered vector spaces (known as vector lattices). The proof for -groups is a straightforward adaptation of Yosida's argument in [28] , using Hölder's Theorem (1) (2) 
Ä ÑÑ 2.4º
For any unital -group (G, u), the following are equivalent.
(1) (G, u) is semisimple.
(2) G is Archimedean. 
Proof of theorem
We begin by adding to Lemma 2.4 a spectral characterisation of the Archimedean property. (1) (G, u) is semisimple. 
Since O is non-empty, we must have V (g 0 ) c = ∅ for some g 0 ∈ S, so that g 0 = 0. But then, since g 0 ∈ m for each m ∈ Max G, we have 0 = g 0 ∈ Rad G = Max G = {0}. 
The bijection ρ, being inclusion-preserving, restricts to a bijection between maximal -ideals of G containing I, and maximal -ideals of G/I. To see that ρ also restricts to a bijection between prime -ideals, we use the result in universal algebra Let p ∈ U i ∩ U j for some i, j ∈ {1, . . . , n}. If we show [g i ] p = [g j ] p , then the Patching Lemma 2.2 applies, and the present lemma follows. Equivalently, upon setting h := g i − g j , we need to show [h] p = 0.
Since closed, co-compact sets are stable under finite intersections (Lemma 2.1.7), K := U i ∩ U j is closed and co-compact. Since (G, u) is strongly semisimple, by Corollary 3.4 we have K = cl (K ∩ Max G).
If we had [h] m = 0 for each m ∈ K ∩ Max G, we would infer [h] p = 0, too. Indeed, since p ∈ cl (K ∩ Max G) by (4), we have p ⊇ (K ∩ Max G) by (3). Also, since h ∈ m for each m ∈ K ∩ Max G, we have h ∈ (K ∩ Max G). Hence h ∈ p, that is, [h] p = 0, and the proof is complete.
